Abstract. The F N method is an accurate and efficient numerical method for the one-dimensional radiative transport equation. In this paper the F N method is extended to three dimensions using rotated reference frames.
Introduction
We consider light propagating in a homogeneous random medium occupying the halfspace R 3 + (= {r ∈ R 3 ; r = (ρ, z), ρ ∈ R 2 , z > 0}) with the boundary at z = 0. The specific intensity I(r,ŝ) (r ∈ R 
where f (ρ,ŝ) is the incident beam. Let µ and ϕ be the cosine of the polar angle and the azimuthal angle ofŝ ∈ S 2 . Here ̟ ∈ (0, 1) is the albedo for single scattering. Using the absorption and scattering parameters µ a and µ s , we have ̟ = µ s /µ t , where µ t = µ a + µ s is the total attenuation. The above form (1) implies that r is normalized with µ t . Furthermore p(ŝ ·ŝ ′ ) is the scattering phase function which is normalized as
The radiative transport equation or the linear Boltzmann equation governs transport processes of noninteracting particles such as neutrons in a reactor as well as light propagation in random media such as fog, clouds, and biological tissue. In this paper we will present a numerical method of solving (1) by extending the F N method (F stands for facile) to three dimensions. The F N method first developed by Siewert [43] is a method of obtaining the specific intensity in one dimension making use of orthogonality relations of singular eigenfunctions [3, 5] . The use of rotated reference frames [36, 41, 42] makes it possible to extend the F N method to three dimensions.
Case considered the time-independent one-dimensional radiative transport equation with isotropic scattering and solved the equation with separation of variables by finding singular eigenfunctions [3] . The method was soon extended to the case of anisotropic scattering without [40, 37] and with [38] azimuthal dependence. In this method, solutions to the one-dimensional radiative transport equation are given as a superposition of singular eigenfunctions. The existence and uniqueness of such solutions were proved [19, 20, 21, 22] . In the F N method, there is no need of evaluating singular functions although the fact that the specific intensity is given by singular eigenfunctions is used. In one dimension, the radiative transport equation was solved by the F N method in the slab geometry for isotropic scattering [8, 44] and anisotropic scattering without [43, 10] and with [13, 14] azimuthal dependence. The method was also extended to multigroup [9] . After finding the specific intensity on the boundary, we can further calculate the specific intensity inside the medium [10] .
In 1964 Dede used rotated reference frames to solve the three-dimensional radiative transport equation with the P N method [7] . Dede pointed out that equations in three dimensions reduce to one-dimensional equations if reference frames are rotated in the direction of the Fourier vector. Kobayashi developed Dede's calculation and computed coefficients in the P N expansion by solving a three-term recurrence relation recursively starting with the initial term [18] . In 2004 Markel obtained the coefficients in terms of eigenvalues and eigenvectors of the tridiagonal matrix originating from the three-term recurrence relation, and showed that the specific intensity can be efficiently computed [36] . With the use of eigenvalues, the relation to Case's method became visible. This new formulation can be viewed as separation of variables with the eigenvalues separation constants [42] . Moreover it was found that any complex unit vector can be used to rotate reference frames [41] . This generalization makes it possible to solve boundary value problems in the form of plane-wave decomposition [34] . It was then found that the structure of separation of variables implies Case's method in rotated reference frames. Thus the singular eigenfunction approach was extended to three dimensions [35] . Indeed the method of rotated reference frames is a three-dimensional extension of the spherical-harmonic expansion in Caseology [1] . The usefulness of the method of rotated reference frames has been numerically justified for a two-dimensional rectangular domain [18] , a three-dimensional infinite medium [36, 41] , the slab geometry in three dimensions [34] , in flatland [23, 24, 31] , in the half-space geometry [26, 28, 29, 30, 32] , and the time-dependent equation in an infinite medium [25, 27] . The method was also used to experimentally determine optical properties of turbid media [46, 47] . Although the method of rotated reference frames is an efficient method, the obtained specific intensity has instability near the boundary if the modulus of the Fourier vector is large. The three-dimensional F N method developed in the present paper can overcome this instability.
To proceed, we model p(ŝ ·ŝ ′ ) as
where l max ≥ 1, and β 0 = 1, 0 < β l < 2l + 1 for l ≥ 1. We introduce the scattering asymmetry parameter g as
. The Henyey-Greenstein model [16] is obtained in the limit l max → ∞.
Let us definẽ
Let us express the upper and lower hemispheres as S 2 ± = {ŝ ∈ S 2 ; ±µ > 0}. We expand the Fourier transform of the reflected lightĨ(q, 0, −ŝ) (ŝ ∈ S 2 + ) as
where only even degrees are taken because the three-term recurrence relation implies that associated Legendre polynomials with odd degrees are not independent [14, 41] . The specific intensity of the reflected light is then calculated as
where µ ∈ (0, 1]. Remark 1.1. Isotropic scattering g = 0 is possible. However we need to change the collocation scheme for obtaining c lm . For the sake of simplicity, we assume g > 0 in this paper.
The remainder of the paper is organized as follows. In §2 we introduce singular eigenfunctions and rotated reference frames. In §3 we consider the F N method in three dimensions. Theorems 3.1 and 3.3 explain how the coefficients c lm in (3) are computed. In §4 the three-dimensional F N method is numerically tested for structured illumination. Section 5 is devoted to concluding remarks. Finally structured illumination by the method of rotated reference frames is summarized in Appendix A.
Preliminaries
Definition 2.1. We introduce h l (l = 0, 1, . . .) as
with Θ(·) the step function (Θ(x) = 1 for x ≥ 0 and Θ(x) = 0 for x < 0). Definition 2.2 (Refs. [11, 12] ). The normalized Chandrasekhar polynomials g m l (ξ) (m ≥ 0, l ≥ m, ν ∈ R) are given by the three-term recurrence relation
with the initial term
We note that 
where P l (µ) is the Legendre polynomial of degree l and P m l (µ) is the associated Legendre polynomial of degree l and order m.
We have
The polynomials satisfy the three-term recurrence relation
and the orthogonality relation
We will first investigate the one-dimensional homogeneous radiative transport equation (7) and then consider the three dimensional equation (17) . Let us begin with
For m ′ = m, the above equation can be written as
Using the recurrence relation (2l + 1)µP
, we see that (11) becomes the three-term recurrence relation (4) . That is, we obtain
Let us rewrite (10) as
We define g m as
Singular eigenfunctions φ m (ν, µ) are obtained as
where P denotes the Cauchy principal value. Here the separation constant ν has discrete values ±ν 
Discrete eigenvalues satisfy
By using P
where the Kronecker delta δ νν ′ is replaced by the Dirac delta δ(ν − ν ′ ) if ν, ν ′ are in the continuous spectrum. The normalization factor N m (ν) is given by
where
Definition 2.4 (Rotated reference frames). Letk ∈ C be a unit vector such that k ·k = 1. We define an invertible linear operator Rk :
is the value of f 1 (ŝ) whereŝ is measured in the rotated reference frame whose z-axis lies in the direction ofk.
Example 2.5. For a function f 1 (ŝ) and a unit vectorẑ in the positive direction on the z-axis, we have Rẑ f 1 (ŝ) = f 1 (ŝ). Example 2.6. For a constant c ∈ C we have Rk c = c. In particular Rkŝ ·ŝ
Example 2.7. For functions f 1 (ŝ), f 2 (ŝ) we have
Example 2.8 (Refs. [7, 18, 36] ). Suppose that f 1 (ŝ) ∈ C is given by spherical harmonics:
where f lm ∈ C. Then we have
where θk and ϕk are the polar and azimuthal angles ofk in the laboratory frame.
Moreover we obtain
We note that R
where we used
where q = |q| and
Example 2.11. For ν ∈ R, q ∈ R 2 , we obtain
Lemma 2.12. Fork =k(ν, q), we obtain
where ϕ q is the polar angle of q and
Proof. For ϕk we have
For θk we have 
where r ∈ R 3 ,ŝ ∈ S 2 . Solutions to the above equation are given by a superposition of eigenmodes
wherek =k(ν, q). To see this we substitute the separated solution (18) in the above homogeneous three-dimensional radiative transport equation (17) and obtain
The right-hand side can be written as
That is,
Thus the three-dimensional equation (19) reduces to the one-dimensional equation (9) . Recall that Φ m ν (ŝ) are constructed so that (9) obtained from (7) and (8) is satisfied. Proposition 2.14. The following orthogonality relation holds.
Proof. The full-range orthogonality is obtained in [35] through the Green's function.
Here we give a direct proof. We perform separation of variables to the homogeneous equation by assuming the form (18) . By substituting the separated solution into the radiative transport equation (17), we obtain
For fixed q, we consider (m 1 , ν 1 , q), k 2 =k(ν m2 2 , q). We write the following two equations.
We note (15) . By subtraction and integration overŝ we have
Therefore,
Suppose
In this case we have
We note that for each q
Using (21) and (22), for arbitrary ν, ν ′ , m, m ′ , we have
Hence,
where the normalization factor N m (ν) is given in (14) . Thus we obtain the full-range orthogonality relation.
In numerical calculation we can obtain the discrete eigenvalues ν m j as eigenvalues of a tridiagonal matrix B(m) below. We assume l B > l max . For m (−l max ≤ m ≤ l max ), the matrix B(m) is given by
. The tridiagonal matrix is obtained by using spherical harmonics. Let us write Φ m ν (ŝ) as
where c lm ∈ C. Then (10) can be rewritten as
Thus for |m| ≤ l max we have
Using the orthogonality relation for associated Legendre polynomials:
Therefore ν is an eigenvalue of B(m). The matrix has (l B − |m| + 1)/2 or (l B − |m|)/2 positive eigenvalues for l B − |m| + 1 even or odd, respectively. We choose l B so that discrete eigenvalues are obtained to a good approximation. Remark 2.15. We can also obtain the matrix B(m) from the three dimensional equation (19) by writing
By operating R −1 k , the above equation reduces to (24) . Indeed in the method of rotated reference frames, the specific intensity is obtained as a superposition of eigenmodes Proof. For ξ > 0, µ > 0 we obtain
where g m is given in (13). Furthermore we obtain 
Proof. By the method of images we can consider the following radiative transport equation in R 3 [4] .
We have the relation I(r,ŝ) = ψ(r,ŝ), z > 0.
Let us introduce the Green's function G(r,ŝ; r 0 ,ŝ 0 ) for the infinite medium as
Thus we obtain ψ(r,ŝ) =
The Green's function is obtained as [35] G(r,ŝ; r 0 ,ŝ 0 ) = 1 (2π) 2
Here,
where upper signs are chosen for z > z 0 and lower signs are chosen for z < z 0 . By letting z → 0 + we obtain
whereŝ ∈ S 2 . We havẽ
If we multiplying (26) by µ Rk (−ξ,q) Φ m ′ * −ξ (ŝ) with some m ′ and ξ = ξ m ′ > 0, and integrating over S 2 , the right-hand side is zero and we obtain
Hence we can write the above equation as
By the expansion in (3), we obtain (25).
Remark 3.2. In the above proof we used the Green's function to derive (27) . This approach is similar to the C N method [2, 17] . What we need is, however, the fact that the Green's function for the half space is given by a superposition of eigenmodes with positive eigenvalues. Employing this alternative approach, the F N method can be similarly established for the slab geometry in three dimensions.
The matrix A m ′ lm (ξ, q) are obtained as follow. We first note that
We obtain the first term on the right-hand side of (28) as
where we used µP
]/(2l + 1). We also have
We will use
The second term on the right-hand side of (28) is calculated as
Thus we obtain
We note that the relation
The coefficients c lm are solutions to
where A m ′ m+2α,m (ξ, q) are given in (29) .
Since we assume K −m This implies
Therefore we obtain
By using this relation in (25), we obtain (30).
Structured illumination
Let us consider a structured illumination in the half space, i.e., the incoming boundary value f is given by
, where I 0 is the amplitude, A 0 is the modulation depth, and B 0 is the phase of the source. It is enough if we consider [33] 
whereŝ 0 has the azimuthal angle ϕ 0 and the cosine of the polar angle µ 0 . Sincẽ
. This implies that c lm (q) have the form
Let us putŝ 0 =ẑ. Furthermore we assume that q 0 is parallel to the x-axis:
Using Lemma 2.17 we obtain
We also use
The number of columns of the matrix A is given by
We choose the number of rows so that A becomes square. The hemispheric flux J − (q 0 , ρ) exiting the boundary is
Here for even l
Let us express the absolute value as
For numerical calculation, let us set the absorption and scattering coefficients to µ a = 0.05, µ s = 100.
We set the scattering asymmetry parameter to g = 0.9 (strong scattering) and g = 0.01 (almost isotropic). Although the unit of length has been 1/µ t , we take the transport mean free path ℓ * = 1/(µ t −µ s g) to be the unit of length in the figures. To choose rows of the matrix A m ′ lm , different collocation schemes have been proposed [9, 10, 14, 39] . Here, we take discrete eigenvalues ξ j = ν
The polynomials g m l (ξ) are evaluated according to [11, 12] . That is, when ξ is a discrete eigenvalue, we obtain g m l (ξ) starting with a large degree using backward recursion. For ξ in the continuous spectrum, we begin with the initial term and successively obtain g m l (ξ) using the three-term recurrence relation. Numerical integration for ϕ in (33) is done with the trapezoidal rule. The Golub-Welsch algorithm [15] 
Let us we increase l iteratively up to l max . For each value of l, we first compute d
We obtain d (35) is plotted as a function of q 0 . The F N result is compared to Monte Carlo simulation and the method of rotated reference frames. In Monte Carlo simulation 10 7 particles were used. Fourier transform was performed for results from Monte Carlo simulation for the delta-function source [28] . The method of rotated reference frames for structured illumination [26, 28] is summarized in Appendix A. The scattering asymmetry parameter g = 0.01 in Fig. 1 and g = 0.9 in Fig. 2 . For both the F N method and the method of rotated reference framces we set l max = 9 and 21.
Concluding remarks
The F N method is similar to the method of rotated reference frames, in which spherical-harmonic expansion is used. However, in the F N method, there is no need of expanding singular eigenfunctions. The extension of the F N method in the half space to the slab geometry is straight forward. For this purpose we express the specific intensity as a superposition of singular eigenfunctions. Using the orthogonality relation of three-dimensional singular eigenfunctions, we obtain an equation similar to (27) . 
